In this work, we investigated the quantum speed limit time(QSLT) of an atom in dissipative cavity and the non-Markovianity in the dynamics process when the reservoir is at zero temperature and the total number of excitations is N=1. The results show that the QSLT and the non-Markovianity can be effectively manipulated by the atom-cavity coupling and the reservoir parameters. The atom-cavity coupling, the detuning and the stronger cavity-reservoir coupling can all induce a sudden transition from Markovian to non-Markovian dynamics and this transition is the main physical reason of the quantum speed-up process. The critical value of sudden transition from no speed-up to speed-up depends the atom-cavity coupling and the reservoir parameters. The corresponding physical explanation is also provided for our results.
quantum speed limit(QSL) [1, 2, 3, 4] . The minimal evolution time between two distinguishable states of a quantum system is defined as the quantum speed limit time(QSLT) [5, 6, 7, 8, 9] , which sets a bound on the minimal time a quantum system needs to evolve between two distinguishable states. For a closed system, the QSLT is determined by the maximum of the Mandelstam-Tamm(MT) bound [10] and the Margolus-Levitin(ML) bound [11] , namely, τ = max{ πh 2∆E , πh 2E }, where ∆E and E are the fluctuation and the mean value of the initial-state energy, respectively. For an open system, Deffner and Lutz obtained the unified bound of QSLT from the MT and ML types [12] . The QSLT plays an important role in various areas of quantum physics such as quantum computation [13] , quantum communication [14] , quantum metrology [15] , and quantum optimal control [16, 17] .
For an open quantum system, due to the inevitable interaction with environment, the decoherence effect caused by the system-environment coupling would bring remarkable influence on the QSLT. In recent years, many efforts have been made in the study of QSLT of an open system [18, 19, 20, 21] . As we known, the evolution process of an open system is Markovian in the weak system-environment coupling and the evolution process is non-Markovian in the strong system-environment coupling [22] . This non-Markovian effect in the dynamics process may be described by the non-Markovianity [23, 24, 25, 26, 27, 28] . Deffner and Lutz [12] found that, the non-Markovianity can speed up the quantum evolution process, that is, the non-Markovianity can reduce the QSLT below the actual evolution time however the QSLT can be equal to the actual evolution time in the Markovian process, which has been verified in different open sysytems [29, 30, 31] . For example, the authors in Ref. [29] demonstrated that, under the weak system-environment coupling, the speed-up evolution of an open system can also be acquired by manipulating the strength of the classical field, that is, an external classical field can realize the transformation from Markovian to non-Markovian dynamics. However, the quantum speedup process of an atom in dissipative cavity and the non-Markovianity in the dynamics process are also important and meaningful.
In this work, we will investigate the quantum speed limit time of an atom in dissipative cavity and the non-Markovianity in the dynamics process when the cavity interacts with a Lorentzian and an Ohmic reservoirs at zero temperature, respectively. The results show that, the atom-cavity coupling, the detuning and the stronger cavity-reservoir coupling can all accelerate the evolution of the atom and enhance the non-Markovianity in the dynamics process. The outline of the paper is the following. In Section 2, we introduce a physical model. In Section 3, we obtain the expressions of the quantum speed limit and the non-Markovianity. Results and discussions are provided in Section 4. Finally, we conclude with a brief summary of important results in Section 5.
Model and solution
We consider an atom(transition frequency ω 0 ) in a single mode cavity interacting with a multi-mode reservoir. The dynamics of the total system is unitary and the Hamiltonian is given bŷ
whereĤ a ,Ĥ c andĤ e are the Hamiltonians of the atom, the single mode cavity and the multi-mode reservoir, respectively.Ĥ ac andĤ ce are the interaction Hamiltonians of the atom-cavity and the cavity-reservoir, respectively. They have the following formŝ
andĤ
In the above expressions,σ z andσ ± are the Pauli matrices of the atom.â † (â) andĉ † k (ĉ k ) are the creation(annihilation) operators of the cavity and the kth mode of reservoir with the frequency ω k , respectively. Ω and g k are the atom-cavity coupling and the cavity-reservoir coupling, respectively. For simplicity, we assume that the total system has only one initial excitation and the reservoir is at zero temperature in the following section. Performing the Born-Markov and the rotating wave approximations, tracing out the reservoir degree of freedom in the interaction picture and then going back to the Schrödinger picture, we obtain the following master equation for the atom-cavity system in the dressed-state basis{|α 1,+ , |α 1,− , |α 0 } [32, 33, 34, 35] 
whereĤ JC =Ĥ a +Ĥ c +Ĥ ac .b + 1 = |α 1,− α 0 | andb − 1 = |α 0 α 1,− | express the jump operators between |α 1,− and |α 0 , andb + 2 = |α 1,+ α 0 | andb − 2 = |α 0 α 1,+ | are the jump operators between |α 1,+ and |α 0 , where |α 1,± = 1 √ 2 (|1, g ± |0, e ) and |α 0 = |0, g . γ 1 (t) and γ 2 (t) are the time-dependent decay rates for |α 1,− and |α 1,+ , respectively.
We can acquire an analytical solution of the density operator ̺(t) from Eq. (4), then the density matrix ρ(t) of the atom in the standard basis{|e , |g } is also obtained by means of the representation transformation and taking a partial trace over the degree of freedom of the cavity. Suppose the initial state is {ρ 11 (0), ρ 10 (0), ρ 01 (0), ρ 00 (0)}, the density matrix ρ(t) of the atom at all time t is expressed as
where the probability amplitude A(t) can be given by
in which ω 1 = ω 0 − Ω (ω 2 = ω 0 + Ω) is the transition frequency of the dressedstates |α 1,− → |α 0 (|α 1,
In view of Eq. (5), we can also write a time-local master equation [36] for the density operator ρ(t) as
where
are the Lamb frequency shift and the decoherence rate of the atom, respectively. All the non-Markovian memory effects have been registered self-consistently in these time-dependent coefficients. S(t) describes the contribution from the unitary part of the evolution under dynamical decoherence, and Γ (t) characterizes the backflow of information from the environment to the atom when Γ (t) is just negative.
Quantum speed limit and non-Markovianity
The QSLT defines the bound of the minimal evolution time from an initial state ρ(0) to a final state ρ(τ ) by an actual evolution time τ . When the initial state is ρ(0) = |ϕ 0 ϕ 0 | and its target state ρ(τ ) is governed by the master equationρ(t) = Lρ(t) (see Eq. (7)) with L being the positive generator of the dynamical semigroup, according to the unified lower bound derived by Deffner and Lutz, the QSLT is defined as
. If ρ(0) = |e e|, we can obtain the QSLT of the atom from Eq. (5) as
where |A(t)| 2 is the population of the excited state |e at time t and given by Eq. (6). The non-Markovianity in the dynamics process (from ρ(0) to ρ(τ )) can be calculated by N = max ρ1,2 σ>0 σ(t, ρ 1,2 (0))dt, in which σ(t, ρ 1,2 (0)) = d dt D(ρ 1 (t), ρ 2 (t)) is the time rate of change of the trace distance. The trace distance D(ρ 1 (t), ρ 2 (t)) is defined as D(ρ 1 (t), ρ 2 (t)) = 1 2 Tr ρ 1 (t) − ρ 2 (t) and indicates the distinguishability between the two states ρ 1,2 (t) evolving from their respective initial forms ρ 1,2 (0) [24] . If σ(t, ρ 1,2 (0)) > 0, D(ρ 1 (t), ρ 2 (t)) increases with time increasing because the information flows back from the environment to the system, there is N > 0, the dynamics process of the system is non-Markovian. When σ(t, ρ 1,2 (0)) < 0, there is N = 0, the dynamics process of the system is Markovian because the information flows irreversibly from the system to the environment [7, 12, 37] . Thus the non-Markovianity describes the total backflow of quantum information between the system and the environment. For the atom in Eq. (5), it can been proven that the optimal pair of initial states to maximize N are ρ 1 (0) = |e e| and ρ 2 (0) = |g g|. We can get D(ρ 1 (t), ρ 2 (t)) = |A(t)| 2 by using Eq. (5) and the definition of D(ρ 1 (t), ρ 2 (t)), therefor the non-Markovianity is written as
From Eqs. (8)- (9) , the relationship between the QSLT and the non-Markovianity can be obtained as
Eq. (10) shows that the QSLT is equal to the actual evolution time because the information flows irreversibly from the atom to the environment when N = 0, but the QSLT is smaller than the actual evolution time because the information flows back from the environment to the atom when N > 0. That is, the non-Markovianity in the dynamics process can lead to faster quantum evolution and smaller QSLT.
Result and discusion

Lorentzian spectral density
If the spectral density of the reservoir is J(
where δ is the detuning between the frequency of the cavity mode and the center frequency of spectrum. The parameter λ defines the spectral width of coupling, which is connected to the reservoir correlation time τ R by τ R =λ −1 and the parameter γ 0 is related to the relaxation time scale τ S by τ S =γ −1 0 . The case λ > 2γ 0 means a weak cavity-reservoir coupling regime. The case λ < 2γ 0 is a strong cavity-reservoir coupling regime [38, 39] . We can obtain γ j (t) = 6) is stated as
In Figure 1 , we depict the curves of the QSLT and the non-Markovianity as a function of the atom-cavity coupling Ω in the resonance(δ = 0). Figure  1(a) gives the non-Markovianity as a function of Ω in the weak (λ = 5γ 0 ) and strong (λ = 0.01γ 0 ) cavity-reservoir coupling regimes, respectively. The results show that, there is a same critical value Ω c that N steeply increases from 0 for λ = 5γ 0 and λ = 0.01γ 0 , and N is larger in the latter than in the former when Ω > Ω c . Figure 1(b) exhibits the QSLT as a function of Ω in the weak(λ = 5γ 0 ) and strong(λ = 0.01γ 0 ) cavity-reservoir coupling regimes, respectively. From Figure 1 (b), we find that a sudden transition from no speed-up to speed-up also occurs at a same critical point Ω c in both of λ = 5γ 0 and λ = 0.01γ 0 , and τQSL τ is smaller in the latter than in the former when Ω > Ω c . In order to show more clearly the dependency relationship of the QSLT and the non-Markovianity, we draw their curves when λ = 5γ 0 in Figure 1(c) . It is interesting to find that both τ QSL and N have a same critical point Ω c = 1.58γ 0 , which the atom presents a dramatic non-Markovian effect and speed-up process. That is to say, N remains zero and τQSL τ stays at 1 when Ω < Ω c , but N will increase at different rates and τQSL τ experiences a sudden transition from no speed-up to speed-up evolution and then decreases periodically when Ω ≥ Ω c . Therefore we obtain the interesting result that the atom-cavity coupling and the smaller λ value can all enhance the non-Markovianity in the dynamics process and speed up the evolution of the atom. There is a same critical value of sudden transition for different λ when δ = 0.
In Figure 2 , we describe the influence of the detuning on the QSLT and the non-Markovianity when Ω = 0.01γ 0 . Figure 2(a) gives the non-Markovianity as a function of the detuning in the weak (λ = 5γ 0 , 3γ 0 ) and strong (λ = γ 0 , 0.5γ 0 ) cavity-reservoir coupling regimes, respectively. The results show that, there are different critical values that N steeply increases from 0, for instances, δ c = 18.3γ 0 when λ = 5γ 0 , but δ c = 3.5γ 0 when λ = 0.5γ 0 . Figure 2(b) exhibits the QSLT as a function of the detuning in the weak (λ = 5γ 0 , 3γ 0 ) and strong (λ = γ 0 , 0.5γ 0 ) cavity-reservoir coupling regimes, respectively. From Figure 2 (b), we find that the sudden transition from no speed-up to speed-up also occurs at different critical points, for examples, δ c = 18.3γ 0 (λ = 5γ 0 ) and δ c = 3.5γ 0 (λ = 0.5γ 0 ), and τQSL τ decreases monotonically with increasing δ when λ > 2γ 0 but decreases periodically with increasing δ when λ < 2γ 0 . Figure 2 (c) shows that the QSLT and the non-Markovianity as a function of the detuning when λ = 3γ 0 and Ω = 0.01γ 0 . We see that a critical point of sudden transitions of both τ QSL and N is at δ c = 11.0γ 0 . N remains zero and τQSL τ stays at 1 when δ < δ c , however N experiences a sudden increase and τQSL τ experiences a sudden decrease when δ > δ c . That is to say, the detuning can also enhance the non-Markovianity in the dynamics process and speed up the evolution of the atom. There is a different critical value of sudden transition for different λ when Ω = 0.01γ 0 .
From Figure 1 and Figure 2 , we found that the atom-cavity coupling, the detuning and the smaller spectral width can all induce the transition from Markovian to non-Markovian dynamics and this transition is the main physical reason of the speed-up process. The sudden transition from no speed-up to speed-up occurs at a same critical point for different λ when δ = 0, however this sudden transitions can occur at different critical points for different λ when Ω = 0.01γ 0 . The smaller λ value causes to the quicker speedup evolution.
We may give the physical interpretation of the above results. In the total system, the qunantum information is exchanged between the atom with the cavity and between the cavity with the reservoir. For the atom we're interested in, both the cavity and its outside reservoir are regarded as the atomic environment. The non-Markovianity N is used to quantify the effect of all environment parameters (including the coupling Ω, the detuning δ, the spectral width λ and the dissipation rate γ 0 ) on the atomic dynamical behavior, namely, the non-Markovianity N is the collective expression of the several parameters, as shown in Eqs. (6), (9) and (11) . The larger the atom-cavity coupling Ω, the more information the cavity feeds back to the atom, so the non-Markovianity N will increase with increasing Ω. When the duning δ = 0, the information flows irreversibly from the cavity to the reservoir due to the dissipation of reservoir if λ > 2γ 0 but the information will flow back from the reservoir to the cavity due to the memory and feedback effect of reservoir if λ < 2γ 0 , therefore the smaller λ value causes to the larger non-Markovianity N . On the other hand, the influence of the cavity on the atom is obviously greater than that of the reservoir on the atom, the critical value of sudden transition is determined by Ω rather than λ, as shown in Figure 1(a) . Because the detuning can not only accelerate the information exchange between the cavity and the reservoir but also greatly inhibit the decay rate of the cavity, the non-Markovianity N increases and the critical value of sudden transition decreases with increasing δ when Ω is very small ( Ω = 0.01γ 0 ), as shown in Figure 2(a) . The influence of all parameters on the QSLT can be similarly analyzed, as shown in Figure 1 (b) and 2(b), but we omit it in order to save the space. Besides, when N = 0, the information flows irreversibly from the atom to the environment so that the atom evolves at the actual speed and the QSLT is equal to the actual evolution time. When N > 0, the information flows back from the environment to the atom thus the atom evolution is accelerated and the QSLT is smaller than the actual evolution time. The larger N induces the smaller QSLT, as shown in Figure 1 (c) and 2(c), which is according to Eq. (10).
Ohmic spectral density
If the reservoir has the Ohmic spectral density with a Lorentz-Drude cutoff
where ω ′ is the frequency of the reservoir, and ω c is the cut-off frequency, which depends on the reservoir coupling strength. The case ω c ≪ ω 0 implies an essentially strong cavity-reservoir coupling regime, while the case ω c ≫ ω 0 indicates a weak cavity-reservoir coupling regime [40, 41, 42, 43] . The decay rates is γ j (t) = [ω j (1−e −wct cos(ω j t))− ω c e −wct sin(ω j t)] and β j in Eq. (6) has the following forms
In Figure 3 , we display the curves of the QSLT and the non-Markovianity with the coupling Ω increasing. Figure 3(a) exhibits the non-Markovianity as a function of Ω in the weak ( ωc ω0 = 10, 2) and strong ( ωc ω0 = 0.3, 0.1) cavity-reservoir coupling regimes, respectively. The results show that, there are different critical values that N steeply increases from 0 when ωc ω0 > 1, i.e. Ω c = 0.90ω 0 when ωc ω0 = 10, but Ω c = 0.66ω 0 when ωc ω0 = 2, and N increases monotonically with Ω. However, there is a same critical value Ω c = 0.18ω 0 when ωc ω0 < 1, and N obviously enlarges with decreasing ωc ω0 . Figure 3 (b) indicates the QSLT as a function of Ω in the weak ( ωc ω0 = 10, 2) and strong ( ωc ω0 = 0.3, 0.1) cavity-reservoir coupling regimes, respectively. From Figure  3 decreases monotonically when Ω > Ω c . Therefore the atom-cavity coupling and the smaller ωc ω0 value can all enhance the non-Markovianity and speed up the evolution process, i.e., they are the main physical reason of the transition from Markovian to non-Markovian dynamics and the speed-up process. The sudden transition from no speed-up to speed-up occurs at a same critical point when ωc ω0 > 1 but this sudden transitions can occur at different critical points when ωc ω0 < 1. We may give the physical interpretation of Figure 3 . The non-Markovianity N is determined by the coupling Ω, the frequency ω 0 of the cavity mode and the cut-off frequency ω c , as shown in Eqs. (6), (9) and (12) . The larger the atom-cavity coupling Ω, the more information the cavity feeds back to the atom, so the non-Markovianity N will increase with increasing Ω. The information flows irreversibly from the cavity to the reservoir due to the dissipation of reservoir if ω c > ω 0 but the information will flow back from the reservoir to the cavity due to the memory and feedback effect of reservoir if ω c < ω 0 , therefore the smaller ωc ω0 value causes to the larger non-Markovianity N . Hence the non-Markovianity N increases and the critical value of sudden transition decreases with decreasing ωc ω0 , as shown in Figure 3 (a). The influence of all parameters on the QSLT may be similarly analyzed, as shown in Figure 3 (b), but we omit it in order to save the space. When N = 0, the QSLT is equal to the actual evolution time because the information flows irreversibly from the atom to the environment. But, when N > 0, the QSLT is smaller than the actual evolution time because the information flows back from the environment to the atom. The larger N induces the smaller QSLT, as shown in Figure 3 (c), which is according to Eq. (10).
Conclusions
In summary, we investigated the QSLT of an atom in a dissipative cavity and the non-Markovianity in the dynamics process. First, we gave an analytical solution (see Eq. (5)) of the atom and obtain the expressions of the quantum speed limit and the non-Markovianity (see Eq. (9) and (10)) when the reservoir is at zero temperature and the total excitation number is N = 1. Furthermore, we demonstrated that, the transition from Markovian to non-Markovian dynamics is the main physical reason of the speed-up process. The atom-cavity coupling and the appropriate reservoir parameters can all induce this transition from Markovian to non-Markovian dynamics. For the Lorentzian reservoir, the sudden transition from no speed-up to speed-up occurs at a same critical point for different λ if δ = 0. However, this sudden transitions can occur at different critical points for different λ if Ω = 0.01γ 0 . The smaller λ value causes to the quicker speedup evolution. For the Ohmic reservoir, this sudden transition from no speed-up to speed-up occurs at a same critical point when ωc ω0 > 1 but this sudden transitions can occur at different critical points when ωc ω0 < 1. The smaller ωc ω0 value causes to the quicker speedup evolution. Recent experiments allow one to drive the open system from Markovian to non-Markovian regimes [44, 45] . These results may offer interesting perspectives for future applications of open quantum systems in quantum optical, microwave cavity QED [46] , trapped ions [47] , superconducting qubits [48] and the Nitrogen-Vacancy center of diamond [49] .
